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WEAK TYPE ESTIMATES ON CERTAIN HARDY SPACES
FOR SMOOTH CONE TYPE MULTIPLIERS
Sunggeum Hong and Yong-Cheol Kim
Abstract. Let ̺ ∈ C∞(Rd \ {0}) be a non-radial homogeneous distance function satisfying ̺(tξ) =
t̺(ξ). For f ∈ S(Rd+1) and δ > 0, we consider convolution operator T δ associated with the smooth
cone type multipliers defined by
T̂ δf(ξ, τ) =
(
1−
̺(ξ)
|τ |
)δ
+
fˆ(ξ, τ), (ξ, τ) ∈ Rd × R.
If the unit sphere Σ̺ ; {ξ ∈ Rd : ̺(ξ) = 1} is a convex hypersurface of finite type, then we prove
that the operator T δ(p) maps from Hp(Rd+1), 0 < p < 1, into weak-Lp(Rd+1) for the critical index
δ(p) = d(1/p− 1/2)− 1/2.
1. Introduction.
Let M be a real-valued d×d matrix whose eigenvalues have positive real part. Then the linear
transformations At = exp(M log t), t > 0, form a dilation group on R
d. Let ̺ ∈ C∞(Rd \ {0})
be a positive real-valued function satisfying ̺(At ξ) = t ̺(ξ), which is called an At-homogeneous
distance function ( refer to [11] for elementary properties ).
Let S(Rd+1) be the Schwartz space of rapidly decreasing C∞(Rd+1)-functions, and let fˆ be
the Fourier transform of f ∈ S(Rd+1). In what follows, we shall always assume that At = t I and
̺ ∈ C∞(Rd \ {0}) is a non-radial At-homogeneous distance function whose unit sphere
Σ̺ ; {ξ ∈ R
d : ̺(ξ) = 1}
satisfies a finite type condition, i.e. every tangent line makes finite order of contact with Σ̺. For
f ∈ S(Rd+1) and δ > 0, we define convolution operators T δ by
T δf(x, t) =
1
(2π)d+1
∫
R
∫
Rd
ei〈x,ξ〉+itτ
(
1−
̺(ξ)
|τ |
)δ
+
fˆ(ξ, τ) dξ dτ, (ξ, τ) ∈ Rd × R.
In the case that At = t
1/2 I and ̺(ξ) = |ξ|2, there is no optimal Lp(Rd)-mapping properties of
T δ which are known for p > 1 and d ≥ 2. For partial results related with this, the reader can refer
to G. Mockenhaupt [7] and J. Bourgain [1]. However, it is known ( see [5] ) about its sharp weak
type results on Hp(Rd+1), 0 < p < 1, with the critical index δ(p) = d(1/p− 1/2)− 1/2.
The purpose of this article is to obtain sharp weak type endpoint (δ(p) = d(1/p− 1/2)− 1/2)
results of T δ on Hp(Rd+1), 0 < p < 1, for the distance function ̺(ξ) in the sense that T δ is a
bounded operator of Hp(Rd+1) into Lp(Rd+1) for δ > δ(p), but it fails to be of restricted weak type
(p, p) on Hp(Rd+1) for all δ < δ(p) and fails to be a bounded operator of Hp(Rd+1) into Lp(Rd+1)
when δ = δ(p). Here Hp denotes the standard real Hardy space as defined by E. M. Stein in [9].
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Theorem 1.1. Suppose that ̺ ∈ C∞(Rd \ {0}) is a non-radial homogeneous distance function
satisfying ̺(tξ) = t̺(ξ) whose unit sphere Σ̺ is a convex hypersurface of finite type. If δ(p) =
d(1/p− 1/2)− 1/2 for 0 < p < 1, then T δ(p) maps Hp(Rd+1) boundedly into weak-Lp(Rd+1); that
is, there exists a constant C > 0 not depending upon λ and f such that for any f ∈ Hp(Rd+1),
∣∣∣{(x, t) ∈ Rd+1 : |T δ(p)f(x, t)| > λ}∣∣∣ ≤ C ‖f‖pHp(Rd+1)
λp
, λ > 0.
Remarks. (i) This result generalizes that of [5] in Rd × R to non-radial cases ( which is of finite
type and convex ) by using the arguments based on the results in [6].
(ii) As a matter of fact, we prove this result under more general surface condition than the
finite type condition on Σ̺, which was so called a spherically integrable condition of order < 1 in
[6].
In what follows, we shall use the polar coordinates; given x ∈ Rd, we write x = r θ where
r = |x| and θ = (θ1, θ2, · · · , θd) ∈ S
d−1. Given two quantities A and B, we write A . B or B & A
if there is a positive constant c ( possibly depending on the dimension d ≥ 2, the hypersurface Σ̺,
and the index p to be given ) such that A ≤ cB. We also write A ∼ B if A . B and B . A. We
denote by Rd0 ; R
d \ {0}. For e ∈ Sd−1, we let Def denote the directional derivative 〈e,∇ξ〉f of a
function f(ξ) defined on Rd. For e ∈ Sd−2, we let Dwe g denote the directional derivative 〈e,∇w〉g
of a function g(w) defined on Rd−1. For a multi-index α = (α1, α2, · · · , αd+1) ∈ (N ∪ {0})
d+1, we
denote its size |α| by |α| ; α1 + α2 + · · · + αd+1.
2. Preliminary estimates on a smooth convex hypersurface of finite type.
Let Σ be a smooth convex hypersurface of Rd and let dσ be the induced surface area measure
on Σ. For x ∈ Rd, we denote by B(ξ(x), s) the spherical cap near ξ(x) ∈ Σ cut off from Σ by a
plane parallel to Tξ(x)(Σ) ( the affine tangent plane to Σ at ξ(x) ) at distance s > 0 from it; that
is,
B(ξ(x), s) = {ξ ∈ Σ : d(ξ, Tξ(x)(Σ)) < s},
where ξ(x) is the point of Σ whose outer unit normal is in the direction x. These spherical caps
play an important role in furnishing the decay of the Fourier transform of the measure dσ. It is
well known [9] that the function
(2.1) Φ(θ) ; sup
r>0
σ[B(ξ(rθ), 1/r)](1 + r)
d−1
2
is bounded on Sd−1 provided that Σ has nonvanishing Gaussian curvature.
Remark. (i) B. Randol [8] proved that if Σ is a real analytic convex hypersurface of Rd then Φ ∈
Lp(Sd−1) for some p > 2. Thus any real analytic convex hypersurface satisfies that Φ ∈ Lp(Sd−1)
for any p ≤ 2.
(ii) More generally, it was shown by I. Svensson [12] that if Σ is a smooth convex hypersurface
of finite type k ≥ 2 then Φ ∈ Lp(Sd−1) for some p > 2.
Thus, by the above remark (ii), it is natural for us to obtain the following corollary.
Corollary 2.1. If Σ is a smooth convex hypersurface of Rd which is of finite type, then Φ ∈
Lp(Sd−1) for any p ≤ 2.
Sharp decay estimates for the Fourier transform of surface measure on a smooth convex hy-
persurface Σ of finite type k ≥ 2 have been obtained by Bruna, Nagel, and Wainger [2]; precisely
speaking,
(2.2) |F [dσ](x)| ∼ σ[B(ξ(x), 1/|x|)].
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They define a family of anisotropic balls on Σ by letting
B(ξ0, s) = {ξ ∈ Σ : d(ξ, Tξ0(Σ)) < s}
where ξ0 ∈ Σ. We now recall some properties of the anisotropic balls B(ξ0, s) associated with
Σ. The proof of the doubling property in [2] makes it possible to obtain the following stronger
estimate for the surface measure of these balls;
σ[B(ξ0, γ s)] .

 γ
d−1
2 σ[B(ξ0, s)], γ ≥ 1,
γ
d−1
k σ[B(ξ0, s)], γ < 1.
It also follows from the triangle inequality and the doubling property [2] that there is a positive
constant C > 0 independent of s > 0 such that
(2.3)
1
C
σ[B(ξ0, s)] ≤ σ[B(ξ, s)] ≤ C σ[B(ξ0, s)] for any ξ ∈ B(ξ0, s).
Lemma 2.2 [6]. Let Σ be a smooth convex hypersurface of Rd which is of finite type k ≥ 2. Then
there is a constant C = C(Σ) > 0 such that for any y ∈ B(0; s) and x ∈ B(0; 2s)
c
, 0 < s ≤ 1,
ξ(x− y) ∈ B(ξ(x), C/|x|)
where ξ(x) is the point of Σ whose outer unit normal is in the direction x.
Lemma 2.3. Let Σ be a smooth convex hypersurface of Rd which is of finite type k ≥ 2. Then
there is a constant C = C(Σ) > 0 such that for any x, y ∈ Rd with |x| > 2 |y| > 0,
Φ
(
x− y
|x− y|
)
≤ C Φ
(
x
|x|
)
where Φ is the function defined as in (2.1).
Proof. It easily follows from (2.3), the definition of Φ, and Lemma 2.2 that for any y ∈ B(0; s) and
x ∈ B(0; 2s)
c
, 0 < s ≤ 1,
Φ
(
x− y
|x− y|
)
. sup
r>0
σ[B(ξ(x− y), 1/r)] (1 + r)
d−1
2
. sup
r>0
σ[B(ξ(x), 1/r)] (1 + r)
d−1
2 = Φ
(
x
|x|
)
.
Thus this implies that for any x, y ∈ Rd with |x| > 2 |y| > 0,
Φ
(
x− y
|x− y|
)
= Φ
(
x/|y| − y/|y|
|x/|y| − y/|y||
)
. Φ
(
x/|y|
|x/|y||
)
= Φ
(
x
|x|
)
. 
3. The kernel estimate associated with the cone type multipliers.
Throughout this section from now on, we shall concentrate upon obtaining decay estimate of
the kernel associated with the cone type multipliers. First of all, we obtain the lower bound of the
phase function of the kernel on the dual cone Γγ = {(x, t) ∈ R
d × R : |t| ≥ γ|x|}, γ = supξ∈B̺ |ξ|,
and the unit ball B̺ ; {ξ ∈ R
d : ̺(ξ) ≤ 1}.
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Lemma 3.1. Suppose that ̺ ∈ C∞(Rd \ {0}) is a non-radial homogeneous distance function
satisfying ̺(tξ) = t̺(ξ). Then we have the following estimate
inf
ξ∈B̺
|t+ 〈x, ξ〉| ≥ |t| − γ|x| ≥ 0, (x, t) ∈ Γγ .
Proof. It easily follows from the triangle inequality and Schwarz inequality. 
Let ψ ∈ C∞0 (R) be supported in (1/2, 2) such that
∑
l∈Z ψ(2
−l t) = 1 for t > 0. For fixed l ∈ Z,
we shall need pointwise estimates for the operators
T
δ(p)
l f(x, t) =
1
(2π)d+1
∫
R
∫
Rd
K
δ(p)
l (x− y, t− s) f(y, s) dy ds
where
(3.1) K
δ(p)
l (x, t) =
1
(2π)d+1
∫
R
∫
Rd
ei〈x,ξ〉+itτ
(
1−
̺(ξ)
|τ |
)δ(p)
+
ψ(2−l τ) dξ dτ.
For each l ∈ Z, the kernel K
δ(p)
l has the property
(3.2) K
δ(p)
l (x, t) = 2
(d+1)lK
δ(p)
0 (2
lx, 2lt).
Let φ ∈ C∞0 (R) be supported in (1/2, 2) such that
∑
k∈Z φ(2
k s) = 1 for 0 < s < 1, and let
K
δ(p)
k,l (x, t) =
1
(2π)d+1
∫
R
∫
Rd
ei〈x,ξ〉+itτφ
(
2k+1
(
1−
̺(ξ)
|τ |
))(
1−
̺(ξ)
|τ |
)δ(p)
+
ψ(2−l τ) dξ dτ.
We write
∑
k∈NK
δ(p)
k,l +K
δ(p)
0,l = K
δ(p)
l and
∑
k∈N T
δ(p)
k,l +T
δ(p)
0,l = T
δ(p)
l . Since the kernel K
δ(p)
0,l (x, t)
has a very nice decay in terms of x-variable and a properly good decay in t-variable, it suffices to
treat only the operators T
δ(p)
k,l in the following lemma.
Lemma 3.2. Suppose that ̺ ∈ C∞(Rd \ {0}) is a non-radial homogeneous distance function
satisfying ̺(tξ) = t̺(ξ). If |x| ≤ 22−lγ−1 for fixed l ∈ Z, then for each k ∈ N we have the following
uniform estimates; for any N ∈ N,
|K
δ(p)
k,l (x, t)|+
∑
|α|=n+1
1
α!
|[DαK
δ(p)
k,l ](x, t)| ≤ C 2
(d+1)l2−k(δ(p)+1)min{1, (2−k2l |t|)−N},
and thus
|K
δ(p)
l (x, t)|+
∑
|α|=n+1
1
α!
|[DαK
δ(p)
l ](x, t)| ≤ C 2
(d+1)l 1
(1 + 2l |t|)δ(p)+1
where n ∈ N, α = (α1, α2, · · · , αd+1) ∈ (N ∪ {0})
d+1 is a multi-index, and we denote by α! =
α1!α2! · · · αd+1! and
DαK
δ(p)
k,l (x, t) =
(
∂
∂x1
)α1 ( ∂
∂x2
)α2
· · ·
(
∂
∂xd
)αd ( ∂
∂t
)αd+1
Kk,l(x, t).
Proof. It easily follows from the integration by parts N -times with respect to τ . 
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Now we proceed the case that |x| > 22−lγ−1. By the change of variables, the integral (3.1)
becomes
K
δ(p)
l (x, t) = 2
(d+1)l
∫
R
∫
Rd
ei2
l|x|〈 x
|x|
,ξ〉τ+i2ltτ (1− ̺(ξ))
δ(p)
+ ψ(τ) τ
2 dξ dτ.
We shall employ a decomposition of the Bochner-Riesz multiplier (1− ̺)
δ(p)
+ as in A. Co´rdoba [3].
Let φ ∈ C∞0 (1/2, 2) satisfy
∑
k∈Z φ(2
kt) = 1 for t > 0. Put Φ
δ(p)
k = φ(2
k+1(1− ̺))(1− ̺)
δ(p)
+ and
Φ
δ(p)
0 = (1 − ̺)
δ(p)
+ −
∑
k∈N Φ
δ(p)
k for k ∈ N. Then we note that
∑
k∈NΦ
δ(p)
k = ϕ (1 − ̺)
δ(p)
+ a.e.,
where ϕ ∈ C∞0 (R
d) is a function supported in the closed annulus
{ξ ∈ Rd : 1/2 ≤ ̺(ξ) ≤ 2}
such that
ϕ(ξ) =
∑
k∈N
φ(2k+1(1− ̺(ξ))) on the open annulus {ξ ∈ Rd : 1/2 < ̺(ξ) < 1}.
We now introduce a partition of unity Ξℓ, ℓ = 1, 2, · · · ,N0, on the unit sphere Σ̺ which we extend
to Rd by way of Πℓ(t ζ) = Ξℓ(ζ), t > 0, ζ ∈ Σ̺, and which satisfies the following properties; by
compactness of Σ̺, there are a sufficiently large finite number of points ζ1, ζ2, · · · , ζN0 ∈ Σ̺ such
that for ℓ = 1, 2, · · · ,N0,
(i)
∑N0
ℓ=1Πℓ(ζ) ≡ 1 for all ζ ∈ Σ̺,
(ii) Ξℓ(ζ) = 1 for all ζ ∈ Σ̺ ∩ B(ζℓ; 2
−M/2),
(iii) Ξℓ is supported in Σ̺ ∩B(ζℓ; 2
1−M/2),
(iv) |DαΠℓ(ξ)| . 2
|α|M/2 for any multi-index α, if 1/2 ≤ ̺(ξ) ≤ 2,
(v) N0 . 2
(n−1)M/2 for some sufficiently large fixed M ( to be chosen later ),
where B(ζ0; s) denotes the ball in R
d with center ζ0 ∈ Σ̺ and radius s > 0. Then we split the
kernel K
δ(p)
l (x, t) into finitely many pieces as follows;
K
δ(p)
l (x, t)
= 2(d+1)l
N0∑
ℓ=1
∫∫
ei2
l|x|〈 x
|x|
,ξ〉τ+i2ltτ (1− ̺(ξ))
δ(p)
+ ϕ(ξ)Πℓ(ξ)ψ(τ) τ
d dξ dτ
;
N0∑
ℓ=1
K
δ(p)
lℓ (x, t).
(3.3)
Here we observe that for l ∈ Z and ℓ = 1, 2, · · · ,N0,
(3.4) K
δ(p)
lℓ (x, t) = 2
(d+1)lK
δ(p)
0ℓ (2
lx, 2lt).
Lemma 3.3. Suppose that ̺ ∈ C∞(Rd \ {0}) is a non-radial homogeneous distance function
satisfying ̺(tξ) = t̺(ξ). If δ(p) = d(1/p− 1/2) − 1/2 for 0 < p < 1, then given n,N ∈ N, there
exists a constant C = C(p, n,N,Σ̺) such that for any (x, t) ∈ Γγ,
|K
δ(p)
0ℓ (x, t)|+
∑
|α|=n+1
1
α!
|[DαK
δ(p)
0ℓ ](x, t)|
≤
C
(1 + |x|)δ(p)+1+
d−1
2
Φ
(
x
|x|
)
1
(1 + |t| − γ|x|)N
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where α ∈ (N ∪ {0})d is a multi-index satisfying |α| = n+ 1.
Proof. We observe that the map
R+ × Σ̺ → R
d
0, (̺, ζ) 7→ ̺ ζ = ξ, ζ ∈ Σ̺
defines polar coordinates with respect to ̺ by way of
dξ = ̺d−1〈ζ, n(ζ)〉 d̺ dσ(ζ),
where dσ(ζ) denotes the surface area measure on Σ̺ and n(ζ) is the outer unit normal vector to
Σ̺ at ζ ∈ Σ̺. Now fix ζℓ ∈ Σ̺. Then the unit sphere Σ̺ can be parametrized near ζℓ ∈ Σ̺ by a
map
w 7→ P(w), w ∈ Rd−1, |w| < 1
such that P(0) = ζℓ. Then there is a neighborhood U0 of ζℓ with compact closure, and a neigh-
borhood V0 of the origin in R
d−1 so that the map
(3.5) Q : (1/2, 3/2)× V0 → U0, (̺,w) 7→ Q(̺,w) = ̺P(w)
is a diffeomorphism with Q(1, 0) = ζℓ. The Jacobian of Q is given by
J(̺,w) = ̺d−1〈P(w), n(P(w))〉R(w),
where R(w) is positive and
[R(w)]2 = det
([
dP
dw
]∗ [
dP
dw
])
.
By (3.3), we have that
(3.6) K
δ(p)
0ℓ (x, t) =
∫∫
ei|x|〈
x
|x|
,ξ〉τ+itτ (1− ̺(ξ))
δ(p)
+ ϕ(ξ)Πℓ(ξ) τ
d ψ(τ) dξ dτ.
Let I0ℓ (x, τ) denote the integral with respect to ξ-variable in (3.6); that is to say,
I0ℓ (x, τ) =
∫
Rd
ei|x|〈
x
|x|
,ξ〉τ (1− ̺(ξ))
δ(p)
+ ϕ(ξ)Πℓ(ξ) dξ.
Applying generalized polar coordinates that we introduced in the above, we have that
I0ℓ (x, τ)
=
∫∫
ei|x|〈
x
|x|
,̺ ζ〉τ (1− ̺)
δ(p)
+ ϕ(̺ ζ)Πℓ(̺ ζ) ̺
d−1〈ζ, n(ζ)〉 d̺ dσ(ζ)
=
∫ [∫
ei|x|〈
x
|x|
,̺P(w)〉τ ϕ[Q(̺,w)]Πℓ[Q(̺,w)]J(̺,w) dw
]
(1− ̺)
δ(p)
+ d̺
;
∫
J 0ℓ (x, τ, ̺) (1 − ̺)
δ(p)
+ d̺.
(3.7)
We note that if 〈θ, n(ζℓ)〉 < 1, then we have that
∇w〈θ,P(w)〉 |w=0 6= 0.
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Combining this with the homogeneity condition on the distance function ̺ and choosing a suf-
ficiently large M > 0 in (i) ∼ (v), we may select ε0 > 0, a neighborhood U1 of ζℓ with
supp (ϕΠℓ) ⊂ U1 ⊂ U0, and a neighborhood V1 of the origin in R
d−1 so that (3.5) satisfies,
and such that for all (w, ̺) ∈ V1 × [1/2, 1],
|∇w〈θ, ̺P(w)〉| ≥ c0 if |〈θ, n(ζℓ)〉| ≤ 1− ε0
and
(3.8) c1 ≤
∣∣∣∣ ∂∂̺ 〈θ, ̺P(w)〉
∣∣∣∣ ≤ c2 if |〈θ, n(ζℓ)〉| ≥ 1− ε0
for some c0 > 0, c1 > 0, and c2 > 0. We choose some e ∈ S
d−2 so that for all (w, ̺) ∈ V1× [1/2, 1],
(3.9) |Dwe 〈θ, ̺P(w)〉| ≥
1
2
|∇w〈θ, ̺P(w)〉| ≥
1
2
c0 if |〈θ, n(ζℓ)〉| ≤ 1− ε0.
If |〈θ, n(ζℓ)〉| ≤ 1−ε0, we apply the integration of J
0
ℓ (x, τ, ̺) by parts with respect to w-variable
N1-times to obtain that
J 0ℓ (x, τ, ̺) =
∫
ei|x|〈
x
|x|
,̺P(w)〉τ (D
w
e )
N1 (ϕ[Q(̺,w)]Πℓ[Q(̺,w)]J(̺,w))
(i |x| Dwe 〈θ, ̺P(w)〉 τ)
N1
dw.
Then we integrate the kernel K
δ(p)
0ℓ (x, t) by parts with respect to τ -variable N -times to get that
K
δ(p)
0ℓ (x, t) =
∫∫∫
ei|x|〈
x
|x|
,̺P(w)〉τ+itτ (
∂
∂τ )
N{τd−N1 ψ(τ)}
[i(t+ |x|〈 x
|x|
, ̺P(w)〉)]N
dτ
×
(Dwe )
N1 (ϕ[Q(̺,w)]Πℓ[Q(̺,w)]J(̺,w))
(i |x| Dwe 〈θ, ̺P(w)〉)
N1
dw (1− ̺)
δ(p)
+ d̺.
(3.10)
Thus, by Lemma 3.1, (3.9), and (3.10), we have that for any N,N1 ∈ N,
(3.11) |K
δ(p)
0ℓ (x, t)| ≤
CN1
(1 + |x|)N1
1
(1 + |t| − γ|x|)N
.
If |〈θ, n(ζℓ)〉| ≥ 1 − ε0, then we apply the integration of K
δ(p)
0ℓ (x, t) ( in (3.6) and (3.7) ) by
parts with respect to τ -variable N -times to obtain that
K
δ(p)
0ℓ (x, t) =
∫∫∫
ei|x|〈
x
|x|
,̺P(w)〉τ+itτ (
∂
∂τ )
N{τd ψ(τ)}
[i(t+ |x|〈 x
|x|
, ̺P(w)〉)]N
dτ
× ϕ[Q(̺,w)]Πℓ[Q(̺,w)]J(̺,w) dw (1− ̺)
δ(p)
+ d̺
=
∫∫∫
ei|x|〈
x
|x|
,̺P(w)〉τ (1− ̺)
δ(p)
+
×
ϕ[Q(̺,w)]Πℓ[Q(̺,w)]J(̺,w)
[i(t+ |x|〈 x|x| , ̺P(w)〉)]
N
d̺ dw eitτ
(
∂
∂τ
)N
{τdψ(τ)} dτ.
(3.12)
Then it follows from the asymptotic result (see [4]) of (3.12) with respect to ̺-variable that for
any N1 ∈ N,
(3.13) K
δ(p)
0ℓ (x, t) =
N1−1∑
j=0
∫
eitτ hj(x, τ)
(
∂
∂τ
)N
{τdψ(τ)} dτ +O(|x|−N1),
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where
hj(x, τ) = |x|
−δ(p)−1−j
∫
Σ̺
ei|x|〈
x
|x|
,ζ〉τ
kj(ζ, x/|x|) dσ(ζ)
and kj ∈ C
∞
0 (P(V0)× S
d−1) for j = 0, 1, 2, · · · ,N1 − 1. In particular,
k0(ζ, x/|x|) = Γ(δ(p) + 1) e
−iπ(δ(p)+1)/2 Πℓ(ζ)
[i(t+ |x|〈 x|x| , ζ〉)]
N
〈ζ, n(ζ)〉 [〈x/|x|, ζ〉]−δ(p)−1.
If we restrict to (x, t) ∈ Γγ , then the required decay estimate of the kernel follows from (2.1), (2.2),
Lemma 3.1, (3.8), (3.11), and (3.13). Finally, we can complete the proof by noting the fact that∑
|α|=N D
αK
δ(p)
0ℓ =
∑
|α|=N (D
αΨ) ∗ K
δ(p)
0ℓ for some Schwartz function Ψ ∈ S(R
d+1). 
Corollary 3.4. Suppose that ̺ ∈ C∞(Rd \ {0}) is a non-radial homogeneous distance function
satisfying ̺(tξ) = t̺(ξ). If δ(p) = d(1/p− 1/2)− 1/2 for 0 < p < 1, then given N ∈ N, there exists
a constant C = C(p,N,Σ̺) such that for any (x, t) ∈ Γγ ,
|K
δ(p)
0 (x, t)|+
∑
|α|=N
1
α!
|[DαK
δ(p)
0 ](x, t)|
≤
C
(1 + |x|)δ(p)+1+
d−1
2
Φ
(
x
|x|
)
1
(1 + |t| − γ|x|)N
where α ∈ (N ∪ {0})d is a multi-index satisfying |α| = N .
4. The atomic decomposition for Hp spaces and technical lemmas.
An atom is defined as follws: Let 0 < p ≤ 1 and ν be an integer satisfying ν ≥ (d+1)(1/p−1).
A (p, ν)-atom is a function a which is supported on a cube Q with center x0 ∈ R
d+1 and which
satisfies
(i) |a(x)| ≤ |Q|−1/p and (ii)
∫
Rd+1
a(x)xα dx = 0,
where α = (α1, α2, · · · , αd+1) ∈ (N∪{0})
d+1 is a multi-index satisfying |α| ; α1+α2+· · ·+αd+1 ≤
ν and xα = xα11 x
α2
2 · · · x
αd+1
d+1 . If f =
∑∞
i=1 ciai where each ai is a (p, ν)-atom and {ci} ∈ ℓ
p(R),
then f ∈ Hp and ‖f‖Hp .
∑
i |ci|
p, and the converse inequality also holds (see [9]).
First of all, we recall a useful lemma [10] due to Stein, Taibleson and Weiss on summing up
weak type functions in case of 0 < p < 1.
Lemma 4.1. Let 0 < p < 1. Suppose that {hk} is a sequence of nonnegative measurable functions
defined on a subset Ω of Rd such that
|{x ∈ Ω : hk(x) > λ}| ≤
A
λp
, λ > 0,
where A > 0 is a constant. If {ak} is a sequence of positive numbers with ‖{ak}‖ℓp <∞, then we
have that ∣∣∣∣∣{x ∈ Ω :
∑
k
akhk(x) > λ}
∣∣∣∣∣ ≤ 2− p1− p ‖{ak}‖pℓp Aλp , λ > 0.
Theorem 1.1 is obtained by applying a natural variant of Lemma 4.1 as in the following lemma.
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Lemma 4.2. Let a > 0 and 0 < p < 1. Suppose that {gl} is a sequence of measurable functions
defined on a subset Ω of Rd such that
|{x ∈ Ω : |gl(x)| > λ}| . 2
−alp λ−p
for l ∈ N and all λ > 0. Then we have that∣∣∣∣∣{x ∈ Ω :
∑
l∈N
|gl(x)| > λ}
∣∣∣∣∣ . λ−p.
For j ∈ N and l ∈ Z, we set
Al = {(x, t) ∈ R
d × R : 2lγ|x| ≤ 4, 2l|t| > 2},
Bl = {(x, t) ∈ R
d × R : 2lγ|x| > 4, 2l |t| ≤ 2, ||t| − γ|x|| > 2−l},
Cl = {(x, t) ∈ R
d × R : 2lγ|x| > 4, 2l |t| > 2, ||t| − γ|x|| ≤ 2−l},
Dl = {(x, t) ∈ R
d × R : 2lγ|x| > 4, 2l |t| > 2, ||t| − γ|x|| > 2−l}⋂(
{(x, t) ∈ Rd × R : |t| ≤ 2−1γ |x|} ∪ {(x, t) ∈ Rd × R : |t| > 2γ|x|}
)
,
Ejl = {(x, t) ∈ R
d × R : 2lγ|x| > 4, 2l |t| > 2, 2−l2j−1 < ||t| − γ|x|| ≤ 2−l2j}⋂
{(x, t) ∈ Rd × R : 2−1γ |x| < |t| ≤ 2γ|x|}.
(4.1)
For j ∈ N, l ∈ Z, (x, t) ∈ Rd × R, and a, b, c ∈ R+, we set
Acl (x, t) = 2
lc |t|−δ(p)−1 χAl(x, t),
Bbl (x, t) = 2
lb |x|−d/p−N Φ
(
x
|x|
)
χBl(x, t),
Cal (x, t) = 2
la |x|−d/p Φ
(
x
|x|
)
χCl(x, t),
Dbl (x, t) = 2
lb |x|−d/p Φ
(
x
|x|
)
|t|−N χDl(x, t),
Eajl(x, t) = 2
la2−jN |x|−d/p Φ
(
x
|x|
)
χEjl(x, t).
(4.2)
Then by simple computation we obtain the following lemma.
Lemma 4.3. Let 0 < p < 1 and δ(p) = d(1/p−1/2)−1/2. Then we have the following estimates;
(a)
∣∣{(x, t) ∈ Rd × R : Acl (x, t) > λ}∣∣ . 2lh λ−p, λ > 0,
(b)
∣∣{(x, t) ∈ Rd × R : Bbl (x, t) > λ}∣∣ . 2lh λ−p, λ > 0,
(c)
∣∣{(x, t) ∈ Rd × R : Cal (x, t) > λ}∣∣ . 2lh λ−p, λ > 0,
(d)
∣∣{(x, t) ∈ Rd × R : Dbl (x, t) > λ}∣∣ . 2lh λ−p, λ > 0,
(e)
∣∣∣{(x, t) ∈ Rd × R : Eajl(x, t) > λ}∣∣∣ . 2−j(Np−1) 2lh λ−p, λ > 0, where
(i) h = (d+ 1)(p− 1) for a = d+ 1− d/p, b = d+ 1− d/p−N , and c = d− δ(p),
(ii) h = (d+1+N)p− (d+1) for a = d+1+N − d/p, b = d+1− d/p, and c = d+N − δ(p).
Moreover, if N > max{(d+ 1)(1/p− 1), 1/p}, then it easily follows from Lemma 4.1 that
|{(x, t) ∈ Rd × R : Eal (x, t) > λ}| . 2
lh λ−p, λ > 0,
where Eal (x, t) =
∑
j∈N E
a
jl(x, t).
Proof. It easily follows from polar coordinates, Corollary 2.1, Fubini’s theorem, and Chebyshev’s
inequality. 
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5. Weak type estimates on Hp(Rd+1), 0 < p < 1.
In this section, first of all we shall obtain the uniform weak type estimates of T δ(p)a on the
closed unbounded conical sector in Rd+1 when a is a (p,N)-atom with N ≥ (d + 1)(1/p − 1).
Then we complete its weak type estimates on the whole space Rd+1 by applying the translation
invariance of the operator T δ and Hp spaces.
Proposition 5.1. Suppose that ̺ ∈ C∞(Rd \ {0}) is a non-radial homogeneous distance function
satisfying ̺(tξ) = t̺(ξ) whose unit sphere Σ̺ is a convex hypersurface of finite type, and let
0 < p < 1 be given. If a is a (p,N)-atom with N ≥ (d + 1)(1/p− 1) defined on Rd+1, then there
exists a constant C = C(d, p) such that∣∣∣{(x, t) ∈ Rd+1 : |T δ(p)a(x, t)|χΓγ (x, t) > λ}∣∣∣ ≤ Cλ−p, λ > 0.
Proof. Since T δ(p) is translation invariant, we may assume that a is supported in a cube Q of
diameter d > 0 centered at the origin. We observe that
|{(x, t) ∈ Rd+1 : |T δ(p)a(x, t)|χΓγ (x, t) > λ}|
≤ |{(x, t) ∈ Q∗ ∩ Γγ : |T
δ(p)a(x, t)|χΓγ (x, t) > λ/2}|
+ |{(x, t) ∈ Qc∗ ∩ Γγ : |T
δ(p)a(x, t)|χΓγ (x, t) > λ/2}|
(5.1)
where Q∗ is the cube concentric with Q and with sides of twice the length, and we will show that
each term is bounded by C λ−p.
Suppose (x, t) ∈ Q∗ ∩ Γγ . By Plancherel theorem and Ho¨lder’s inequality with p/2 + 1/q = 1,
we have that ∫∫
Q∗∩Γγ
|T δ(p)a(x, t)|p dx dt ≤ C ||T δ(p)a||p
L2(Rd+1)
|Q∗|
1/q ≤ C.
Hence, by Chebyshev’s inequality, we have that for all λ > 0,
(5.2) |{(x, t) ∈ Q∗ : |T
δ(p)a(x, t)|χΓγ (x, t) > λ/2}| ≤ C λ
−p.
Next we want to estimate the following weak type inequality
(5.3) |{(x, t) ∈ Qc∗ : |T
δ(p)a(x, t)|χΓγ (x, t) > λ/2}| ≤ C λ
−p, λ > 0.
We first assume that a is supported in the cube Q0 of diameter 1 centered at the origin. We
consider the case (x, t) ∈ (Q0∗)
c ∩ Γγ . Fix l > 0. Since a is supported in the cube Q
0 of diameter
1, it follows from Lemma 2.3, (3.2), (3.4), Lemma 3.2, Corollary 3.4, (4.1), and (4.2) that
|T
δ(p)
l a(x, t)|χ(Q0∗)c∩Γγ (x, t)
≤ 2(d+1)l
∫∫
Q0
|a(y, s)| |K
δ(p)
0 (2
l(x− y), 2l(t− s))|χ(Q0∗)c∩Γγ (x, t) dy ds
≤
∫∫
Q0
A
d−δ(p)
l (x− y, t− s) dy ds+
∫∫
Q0
B
d+1−d/p−N
l (x− y, t− s) dy ds
+
∫∫
Q0
C
d+1−d/p
l (x− y, t− s) dy ds+
∫∫
Q0
D
d+1−d/p−N
l (x− y, t− s) dy ds
+
∫∫
Q0
∑
j∈N
E
d+1−d/p
jl (x− y, t− s) dy ds
≤ A
d−δ(p)
l (x, t) + B
d+1−d/p−N
l (x, t) + C
d+1−d/p
l (x, t) +D
d+1−d/p−N
l (x, t) +
∑
j∈N
E
d+1−d/p
jl (x, t),
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where N is a positive integer satisfying N > max{(d+ 1)(1/p− 1), 1/p}. Thus, summing up over
the indices j ∈ N by using Lemma 4.2 and Lemma 4.3, we obtain that
∣∣∣{(x, t) ∈ (Q0∗)c : |T δ(p)l a(x, t)|χΓγ (x, t) > λ/4}∣∣∣ . 2(d+1)(p−1)lλ−p, λ > 0.
Adding up over the indices l > 0 by using Lemma 4.2 once again, we easily get that
(5.4)
∣∣∣∣∣{(x, t) ∈ (Q0∗)c :
∑
l>0
|T
δ(p)
l a(x, t)|χΓγ (x, t) > λ/4}
∣∣∣∣∣ . λ−p, λ > 0.
We now fix l ≤ 0. Let N ∈ N be an integer satisfying N −1 ≤ max{(d+1)(1/p−1), 1/p}< N .
Then we see that (d + 1 + N)p − (d + 1) > 0. If (x, t) ∈ (Q0∗)
c ∩ Γγ , let Pl,x,t(y, s) denote the
(N − 1)-th order Taylor polynomial of the function (y, s) 7→ Kl(x − y, t − s) expanded near the
origin (0, 0) ∈ Rd × R. Then we have that Pl,x,t(x, t) = 2
(d+1)lP0,x,t(2
lx, 2lt) for fixed l ≤ 0.
Then it follows from the vanishing moment conditions on a, Lemma 2.3, (3.2), (3.4), Lemma 3.2,
Corollary 3.4, (4.1), and (4.2) that
|T
δ(p)
l a(x, t)|χ(Q0∗)c∩Γγ (x, t)
= 2(d+1)l
∫∫
Q0
|a(y, s)| |K
δ(p)
0 (2
l(x− y), 2l(t− s))−P0,x,t(2
ly, 2ls)|χ(Q0∗)c∩Γγ (x, t) dy ds
. 2(d+1)l
∫ 1
0
∫∫
Q0
∑
|α|=N
1
α!
|[DαK
δ(p)
0 ](2
l(x− τy), 2l(t− τs))| |2l(y, s)|N χ(Q0∗)c∩Γγ (x, t) dy ds dτ
≤
∫ 1
0
∫∫
Q0
A
d+N−δ(p)
l (x− τy, t− τs) dy ds dτ +
∫ 1
0
∫∫
Q0
B
d+1−d/p
l (x− τy, t− τs) dy ds dτ
+
∫ 1
0
∫∫
Q0
C
d+1+N−d/p
l (x− τy, t− τs) dy ds dτ +
∫ 1
0
∫∫
Q0
D
d+1−d/p
l (x− τy, t− τs) dy ds dτ
+
∫ 1
0
∫∫
Q0
∑
j∈N
E
d+1+N−d/p
jl (x− τy, t − τs) dy ds dτ
≤ A
d+N−δ(p)
l (x, t) + B
d+1−d/p
l (x, t) + C
d+1+N−d/p
l (x, t) +D
d+1−d/p
l (x, t) +
∑
j∈N
E
d+1+N−d/p
jl (x, t).
Therefore summing up over the indices j ∈ N by using Lemma 4.2 and Lemma 4.3 leads us to
obtain the following weak type estimate
∣∣∣{(x, t) ∈ (Q0∗)c : |T δ(p)l a(x, t)|χΓγ (x, t) > λ/4}∣∣∣ . 2[(d+1+N)p−(d+1)]lλ−p, λ > 0.
Adding up over the indices l ≤ 0 by using Lemma 4.2 once again, we easily obtain that
(5.5)
∣∣∣∣∣∣{(x, t) ∈ (Q0∗)c :
∑
l≤0
|T
δ(p)
l a(x, t)|χΓγ (x, t) > λ/4}
∣∣∣∣∣∣ . λ−p, λ > 0.
Suppose now that a is an arbitrary (p,N)-atom ( N ≥ (d + 1)(1/p− 1) ) supported in a cube Q
of diameter d > 0 centered at (x0, t0) ∈ R
d+1. Let b(x, t) = d(d+1)/p a(d (x− x0), d (t− t0)). Since
T δ(p) is translation invariant, without loss of generality we may assume that (x0, t0) = (0, 0). Then
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b is an atom supported in the cube Q0 of diameter 1 centered at the origin (0, 0) ∈ Rd ×R . This
implies that
T
δ(p)
l a(x, t) = d
−(d+1)/p
∫
R
∫
Rd
b
(
x− y
d
,
t− s
d
)
K
δ(p)
l (y, s) dy ds
= d−(d+1)(1/p−1) b ∗ K
δ(p)
l (d·, d·)
(
x
d
,
t
d
)
.
(5.6)
Repeating the same arguments used in (5.4) and (5.5) in terms of (5.6), we obtain the weak type
estimate (5.3) given in the above. Hence by (5.1), (5.2), and (5.3) we complete the proof. 
Proof of Theorem 1.1. Let f =
∑∞
i=1 ciai ∈ H
p(Rd+1) where a′is are (p,N)-atom (N ≥
(d+ 1)(1/p− 1)). Then we see that
‖f‖Hp ∼
∞∑
i=1
|ci|
p <∞.
By Proposition 5.1, we obtain that∣∣∣{(x, t) ∈ Γγ : |T δ(p)ai(x, t)| > λ}∣∣∣ . λ−p,
where the constant C does not depend upon λ and ai. Thus by applying Stein, Taibleson, and
Weiss’s lemma ( see [10] ), we have that
(5.7)
∣∣∣{(x, t) ∈ Γγ : |T δ(p)f(x, t)| > λ}∣∣∣ . λ−p ∞∑
i=1
|ci|
p.
Finally, it remains to show that the inequality (5.7) holds on Rd+1. For any R > 0 there must
be a ball BR(x0, t0) of radius R centered at a point (x0, t0) contained in the conical sector Γγ .
Then it follows that
(5.8)
∣∣∣{(x, t) ∈ BR(x0, t0) : |T δ(p)f(x, t)| > λ}∣∣∣ ≤ ∣∣∣{(x, t) ∈ Γγ : |T δ(p)f(x, t)| > λ}∣∣∣ .
Now we define (τhkf)(x, y) = f(x−h, y−k), h ∈ R
d, k ∈ R. Since the operator T δ(p) is translation
invariant and commutes with the translation operator ( i.e. τhk(T
δ(p)f) = T δ(p)(τhkf) ), the
left-hand side of (5.8) is rewritten as∣∣∣{(x, t) ∈ BR(x0, t0) : |T δ(p)f(x, t)| > λ}∣∣∣
=
∣∣∣{(x′, t′) ∈ BR(0, 0) : |τ(−x0)(−y0)(T δ(p)f)(x′, t′)| > λ}∣∣∣
=
∣∣∣{(x′, t′) ∈ BR(0, 0) : |[T δ(p)(τ(−x0)(−y0)f)](x′, t′)| > λ}∣∣∣ .
Thus it follows from (5.8) and the fact ||(τ(−x0)(−y0)f)||Hp = ||f ||Hp that
(5.9)
∣∣∣{(x, t) ∈ BR(0, 0) : |T δ(p)f(x, t)| > λ}∣∣∣ . λ−p ∞∑
i=1
|ci|
p.
Therefore, the inequality (5.9) being uniform in R > 0 implies that
∣∣∣{(x, t) ∈ Rd × R : |T δ(p)f(x, t)| > λ}∣∣∣ . λ−p ∞∑
i=1
|ci|
p .
‖f‖Hp
λp
.
Hence we complete the proof. 
Remark. If δ < d(1/p− 1/2)− 1/2, it is easily shown that T δ is not weak type (p, p) on Hp(Rd+1)
from Lemma 4.3. Moreover, the inequalities in Lemma 4.3 are sharp ( see [10], p.90 ).
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